We review the parity anomaly of the massless Dirac fermion in 2+1 dimensions from the Hamiltonian, as opposed to the path integral, point of view. We have two main goals for this note. First, we hope to make the parity anomaly more accessible to condensed matter physicists, who generally prefer to work within the Hamiltonian formalism. The parity anomaly plays an important role in modern condensed matter physics, as the massless Dirac fermion is the surface theory of the time-reversal invariant topological insulator (TI) in 3 + 1 dimensions. Our second goal is to clarify the relation between the time-reversal symmetry of the massless Dirac fermion and the fractional charge of ± 1 2 (in units of e) which appears on the surface of the TI when a magnetic monopole is present in the bulk. To accomplish these goals we study the Dirac fermion in the Hamiltonian formalism using two different regularization schemes. One scheme is consistent with the time-reversal symmetry of the massless Dirac fermion, but leads to the aforementioned fractional charge. The second scheme does not lead to any fractionalization, but it does break time-reversal symmetry. For both regularization schemes we also compute the effective action Seff[A] which encodes the response of the Dirac fermion to a background electromagnetic field A. We find that the two effective actions differ by a Chern-Simons counterterm with fractional level equal to 1 2 , as is expected from path integral treatments of the parity anomaly. Finally, we propose the study of a bosonic analogue of the parity anomaly as a topic for future work.
I. INTRODUCTION
The purpose of this note is to review the parity anomaly of the massless Dirac fermion in 2+1 dimensions [1] [2] [3] [4] , but from the Hamiltonian/Hilbert space point of view. Recall that the parity anomaly is a conflict between the time-reversal 1 symmetry and large U (1) gauge invariance of the massless Dirac fermion. More precisely, the parity anomaly is equivalent to the statement that it is impossible to regularize the massless Dirac fermion theory, coupled to a background U (1) gauge field, in a way which preserves both time-reversal symmetry and large U (1) gauge invariance. To clarify the meaning of large U (1) gauge invariance here, note that unbroken large U (1) gauge invariance would require all physical states of the theory to have integer charge, and so any regularization which leads to states with fractional charge must violate large U (1) gauge invariance.
There are two main reasons why we feel that a review of the parity anomaly from the Hamiltonian perspective is warranted. First, the parity anomaly has been discussed extensively in recent years in the context of the time-reversal invariant topological insulator (TI) [6, 7] , which hosts a single massless Dirac fermion on its surface. In this context the parity anomaly provides one of the classic examples of a theory with a 't Hooft anomaly [8] appearing at the boundary of a symmetry-protected topological phase [9] [10] [11] [12] . However, the discussion in the recent literature on this topic is almost 2 always from the path integral point of view [5, [14] [15] [16] . On the other hand, in condensed matter physics it is more common * email address: mlapa@uchicago.edu 1 As emphasized by Witten [5] , the word "parity" in "parity anomaly" is a misnomer, and this anomaly is actually an anomaly in time-reversal or reflection symmetry. 2 One exception is the recent mathematical treatment of the parity anomaly in Ref. 13 . There the authors studied the projective representation of the U (1) gauge group on the Hilbert space of the massless Dirac fermion.
to look at problems from a Hamiltonian point of view. Therefore we believe that there is significant value in explaining how the parity anomaly works from the point of view of the Dirac Hamiltonian on two-dimensional (2D) space. It is also worth noting that the TI is one of the few symmetry-protected topological phases that have been realized experimentally (see [17] and the review [18] ), and so further study and clarification of the parity anomaly in the context of TI physics seems justified.
The second reason for our review of the parity anomaly is to explain the precise connection between the time-reversal symmetry of the massless Dirac fermion and the half-quantized electric charge of ± 1 2 (in units of e) which appears on the surface of the TI when a magnetic monopole is present in the bulk. In Ref. 1, Niemi and Semenoff studied the massive Dirac fermion in the Hamiltonian formalism using a regularization scheme based on the Atiyah-Patodi-Singer (APS) eta invariant [19] , or spectral asymmetry of the Dirac Hamiltonian on 2D space. Within this scheme they found that the ground state of the massive Dirac fermion has a charge of ± 1 2 when the 2D space is pierced by a single unit of magnetic flux, and they also found that this charge persists in the limit in which the mass of the fermion is sent to zero. The fractional charge of 2D electrons in a magnetic field was also studied by Jackiw in Ref. 20 .
In this note we point out that the regularization scheme used by Niemi and Semenoff is consistent with the time-reversal symmetry of the massless Dirac fermion, in a sense that we make precise below. To the best of our knowledge, the fact that the regularization scheme in [1] is consistent with timereversal symmetry has not been demonstrated in detail in the existing literature. The closest discussion that we know of can be found in Ref. 21 , where it was shown that the results obtained by Niemi and Semenoff are identical to the results obtained from a point-splitting regularization scheme which preserves parity (and time-reversal) symmetry. The fact that the regularization in [1] is consistent with time-reversal should not be unexpected though, as it fits in with the general picture of the parity anomaly discussed above (i.e., the regularization of [1] violates large U (1) gauge invariance, so we expect that it should be consistent with time-reversal symmetry). This fact also makes the regularization scheme of [1] the correct scheme to use in the physical situation where the massless Dirac fermion resides on the surface of the TI.
In the path integral approach, which was pioneered by Redlich [2, 3] , the easiest way to see the parity anomaly is to use Pauli-Villars regularization to compute the partition function of the massless Dirac fermion. This regularization scheme preserves large U (1) gauge invariance, but it breaks time-reversal symmetry because of the mass of the Pauli-Villars regulator fermion. An alternative regularization scheme, also considered by Redlich, is to define the partition function of the massless Dirac fermion as the square root of the determinant of a Dirac operator for two copies of a massless Dirac fermion. This latter determinant can be regularized in a time-reversal invariant way, which leads to a time-reversal invariant regularization of the original single massless Dirac fermion. Redlich then showed that this second regularization scheme violates large U (1) gauge invariance. We also note here that in a more sophisticated treatment [4, 5, 15, 16] , Pauli-Villars regularization leads to an expression for the partition function of the massless Dirac fermion in which the phase of the partition function is proportional to the APS eta invariant of the spacetime Dirac operator. The APS eta invariant is constructed from the spectrum of the Dirac operator, and so it is manifestly gauge invariant, but this scheme still breaks time-reversal symmetry, again due to the mass of the regulator fermion.
The purpose of this note is to explain how to see the conflict between time-reversal symmetry and large U(1) gauge invariance when the massless Dirac fermion is studied from the Hamiltonian point of view. To this end, we study the Dirac fermion in the Hamiltonian formalism using two different regularization schemes. The first regularization scheme leads to states in the theory with half-integer charge, but we show that this scheme is consistent with time-reversal symmetry. The second regularization scheme explicitly breaks time-reversal symmetry but does not lead to any fractionalized quantum numbers associated with the U (1) symmetry. Thus, these two regularization schemes serve to demonstrate the parity anomaly in the Hamiltonian/Hilbert space approach.
The first regularization scheme that we consider is exactly the scheme used by Niemi and Semenoff [1] . For this scheme we work on a general curved two-dimensional space M which is a closed 3 manifold, instead of on flat space R 2 . The specific physical quantity that we calculate within this regularization scheme is Q A,m , the charge (in units of e) of the ground state of the theory in the presence of a time-reversal breaking mass term (with mass m), and in the presence of a background time-independent spatial gauge field A = A j dx j (we use differential form notation and also sum over the spatial index j = 1, 2). We show that the regularization scheme of [1] is consistent with time-reversal symmetry in the sense that it leads to the result
Physically, this result means that in this regularization scheme the charge in the ground state of the theory with mass m and background field A is equal to the charge in the ground state of the time-reversed theory with mass −m and background field −A (a spatial gauge field is odd under time-reversal). On the other hand, the explicit result for Q A,m (Eq. (3.23) in Sec. III) shows that it can be integer or half-integer valued, 2) which shows that this regularization scheme violates large U (1) gauge invariance.
The second regularization scheme that we consider is a lattice regularization scheme for the massless Dirac fermion on a spatial torus. The specific physical quantity that we calculate in this scheme is σ H,m , the Hall conductivity (in units of
) of the Dirac fermion with mass m in the presence of a background time-independent electric field E. We find that σ H,m is given by
This result demonstrates two things. First, the Hall conductivity is an integer for either sign of m, which shows that large U (1) gauge invariance is preserved by this regularization scheme (there is no fractionalization of quantum numbers associated with the U (1) symmetry). Second, the Hall conductivity for the theory with mass m is not equal to minus the Hall conductivity for the time-reversed theory with mass −m,
This shows that this regularization scheme is not consistent with the time-reversal symmetry of the original massless Dirac fermion (a regularization scheme consistent with timereversal symmetry should give σ H,m = −σ H,−m since the Hall conductivity is odd under time-reversal).
Note that in both cases we never treat the massless theory directly -the quantities Q A,m and σ H,m that we study are both computed for the theory with a non-zero time-reversal breaking mass m. Instead, we determine whether the result is consistent with time-reversal symmetry by comparing the answers for two massive theories which are related to each other by the time-reversal operation.
Finally, for both regularization schemes we also compute the effective action S eff [A] which encodes the response of the massive theory to the background gauge field A = A µ dx µ (µ = 0, 1, 2). We find that the effective action S (NS) eff [A], computed using the regularization scheme of Niemi and Semenoff, is related to the effective action S (lattice) eff
[A], computed using the lattice regularization, as
The last term on the right-hand side is a Chern-Simons term (written in differential form notation), but with a fractional level equal to − 1 2 . Thus, the two effective actions differ by a Chern-Simons counterterm with fractional level − 1 2 , which is exactly the result that we expect based on the original path integral treatment of the parity anomaly [2, 3] .
This note is organized as follows. In Sec. II we review the form of the Hamiltonian for the Dirac fermion on flat and curved 2D space, and we also review the time-reversal symmetry of the massless Dirac fermion. In Sec. III we study the Dirac fermion on a closed spatial manifold M using the regularization scheme of Niemi and Semenoff [1] , and we compute the charge Q A,m of the ground state for the massive Dirac fermion in the presence of a background timeindependent spatial gauge field A. In Sec. IV we study the Dirac fermion using a lattice regularization scheme on a spatial torus, and we compute the Hall conductivity σ H,m for the massive Dirac fermion in the presence of a time-independent electric field E. In Sec. V we compute the effective action S eff [A] for both regularization schemes, and we show that the two effective actions are related as shown in Eq. (1.5). In Sec. VI we present concluding remarks and propose the study of a similar anomaly in bosonic systems for future work. Finally, Appendix A contains important background material on Dirac fermions on curved space and on the notation used in the paper.
Note: Throughout the paper we work in system of units where the Dirac fermion has charge e = 1, and where = 1 (so h = 2π → 2π) and c = 1. Here c would be the speed of light in a high-energy context or the Fermi velocity in a condensed matter context. We use a summation convention in which we sum over any index which appears once as a subscript and once as a superscript in any expression, and we use Latin indices j, k, . . . taking values {1, 2} to label spatial directions and Greek indices µ, ν, . . . taking values {0, 1, 2} to label spacetime directions. We also use Latin indices a, b, . . . near the beginning of the alphabet for frame indices on curved space (see Appendix A). In general, we recommend that readers glance at Appendix A before reading the paper, to make sure that they are familiar with our notation and conventions for the Dirac operator on curved space, and also to review the relation between the U (1) gauge field A = A µ dx µ and the ordinary electric and magnetic fields E and B on flat space.
II. DIRAC HAMILTONIAN AND TIME-REVERSAL SYMMETRY
In this section we introduce the Dirac fermion on flat and curved two-dimensional space. We also discuss the timereversal symmetry of the massless Dirac fermion, and we discuss the effect of time-reversal on the Dirac fermion with non-zero mass m and in the presence of a background timeindependent spatial U (1) gauge field A = A j dx j .
A. Flat space
We start with the action for the massless Dirac fermion on flat Minkowski spacetime,
The quantities appearing here are as follows. First, x = (x 0 , x 1 , x 2 ) is the spacetime coordinate, ∂ µ ≡ ∂ ∂x µ for µ = 0, 1, 2, and Ψ = Ψ(x) is a two-component Dirac spinor field on spacetime. Next,γ µ are a set of gamma matrices which satisfy the Clifford algebra {γ µ ,γ ν } = 2η µν , where η = diag(1, −1, −1) is the Minkowski metric in "mostly minus" convention. Finally, Ψ = Ψ †γ0 is the Dirac adjoint of Ψ.
Next, we discuss the coupling to a background U (1) gauge field (electromagnetic field) represented by the vector potential one-form A = A µ dx µ . Our convention is that the Dirac fermion has charge 1. The correct action for Ψ coupled to A is then
To see that the sign of the coupling to A µ is correct for fermions with charge 1, note that the term with A 0 is 3) and this is the correct action for a distribution of charge with charge density Ψ † Ψ in the presence of a scalar electromagnetic potential A 0 (for charge e the correct covariant derivative is ∂ µ + ieA µ ). We refer the reader to the end of Appendix A for more details on how the components of the one-form A are related to the usual electric and magnetic fields E and B in the case of flat Minkowski spacetime.
Finally, the mass term for the Dirac fermion takes the simple form
where the mass m is a real parameter which can be positive or negative.
We now pass to the Hamiltonian formulation of the massless Dirac fermion on flat space. The momentum canonically conjugate to Ψ is iΨ † . As a result, the Dirac Hamiltonian on flat 2D space takes the form
is the spatial coordinate, j = 1, 2, and Ψ =Ψ(x) is the operator-valued Dirac spinor on 2D space. 4 To proceed, it is convenient to define a new set of spatial gamma matrices by γ j = −γ 0γj . These new gamma matrices obey the Clifford algebra {γ j , γ k } = 2δ jk . In addition, we define the Dirac (differential) operator H on 2D space by
In terms of these new quantities the massless Dirac Hamiltonian on flat space takes the form
The HamiltonianĤ for the massless Dirac fermion commutes with a time-reversal operatorT which is defined as follows. First, we define a third gamma matrix γ = i 2 ǫ jk γ j γ k = iγ 1 γ 2 , which satisfies {γ, γ j } = 0 and γ 2 = 1. The matrix γ is sometimes referred to as the chirality matrix. Next, we choose a concrete realization for the three gamma matrices γ j (j = 1, 2) and γ such that the γ j have real matrix elements and γ has imaginary matrix elements. For example we could choose γ 1 = σ x , γ 2 = σ z , and then γ = σ y , where σ x,y,z are the Pauli matrices.
With these conventions in place, the action of the timereversal operatorT onΨ is defined to bê
whereΨ α , α = 1, 2, are the two components of the spinorvalued fieldΨ,Ψ †,α are the two components ofΨ † , and γ α β are the matrix elements of γ. As usual,T is an antiunitary operator, so it will complex-conjugate any c-numbers that it passes through. With this definition ofT we find that T 2Ψ αT −2 = −Ψ α and likewise forΨ † (this property is usually summarized by the equationT 2 = (−1)N , whereN is the fermion number operator). In addition, one can show that the massless Dirac Hamiltonian above commutes with this timereversal operatorTĤT 9) and to show this it is necessary to use the fact thatT is antiunitary. We emphasize here that in the definition ofT it was crucial that we chose the gamma matrices so that γ has imaginary matrix elements and the γ j have real matrix elements. In Sec. III we will be interested in coupling this theory to a time-independent background electromagnetic field which is specified by the spatial vector potential A = A j dx j (we do not turn on a time-component A 0 for this discussion). We will also be interested in adding a mass term toĤ. Starting from the Dirac action coupled to A and with a non-zero mass term, it is straightforward to see that the resulting Hamiltonian takes the formĤ
where H A,m is the massive Dirac operator coupled to A on 2D space,
To arrive at this form of H A,m we have also chosen our gamma matrices so thatγ 0 = γ, whereγ 0 was the original gamma matrix associated with the time direction. Since A is a background field (as opposed to a quantum operator), and since it is real-valued, it commutes withT . Then we find that under time-reversal the Hamiltonian for the massive theory coupled to A transforms aŝ
In other words, the theories with (A, m) and (−A, −m) are time-reverses of each other, and only the theory with A = 0 and m = 0 is invariant under the action ofT .
B. Generalization to curved space
We now discuss the form of the Dirac Hamiltonian on curved space. In this case the flat two-dimensional plane R 2 (the spatial part of Minkowski spacetime) is replaced by a curved manifold M. We assume that M is a 2D orientable Riemannian manifold. We also assume that M is closed (i.e., compact and without boundary) and connected. In a coordinate patch on M with coordinates x = (x 1 , x 2 ), the components of the metric g will be denoted by g jk (x), and det[g(x)] > 0 is the determinant of g at the point x. Since M is 2D it is also a spin manifold, and so we do not need to worry about the issue of whether or not fermions can be consistently placed on M.
The Hamiltonian for the massless Dirac fermion on M takes the formĤ
where
is the Dirac operator on M. In Appendix A we review the form of the Dirac operator on a general spin manifold M, including our conventions for gamma matrices and so on, and we suggest that readers take a look at that appendix before reading the rest of this note. In 2D the Dirac operator simplifies greatly and we have
where γ a , a = 1, 2, are gamma matrices with frame indices, e j a are the components of the frame vector field e a = e j a ∂ j on M, ω j are the components of the spin connection one-form ω = ω j dx j on M, and the matrix γ is now defined using the gamma matrices with frame indices as γ = The massless Dirac Hamiltonian on the curved space M has the same time-reversal symmetry as on flat space. If we choose the gamma matrices with frame indices so that the γ a are real, then we again find that γ is imaginary, and the timereversal operation for the case of curved space can be defined using γ just as in Eq. (2.8) on flat space. With that definition we again find thatTĤT −1 =Ĥ, so that the massless Dirac fermion is still time-reversal invariant even on curved space.
Finally, on curved space the Hamiltonian for the massive Dirac fermion coupled to the time-independent spatial gauge field A = A j dx j takes the form
and
is the massless Dirac operator on curved space and coupled to A. We again find thatĤ A,m transforms under time-reversal asTĤ A,mT
III. REGULARIZATION SCHEME 1
In this section we study the Dirac fermion using our first regularization scheme, which is the scheme used by Niemi and Semenoff in Ref. 1 . In this regularization scheme we compute the charge Q A,m in the ground state of the massive Dirac fermion theory on the curved space M and in the presence of the time-independent background spatial gauge field A = A j dx j . We then explain that this regularization scheme is consistent with the time-reversal symmetry of the massless Dirac fermion, in the sense that Eq. (1.1) holds, i.e., in the sense that this regularization leads to equal ground state charges for the theory with (A, m) and the time-reversed theory with (−A, −m).
We start by introducing the normal-ordered charge operator Q for the Dirac fermion
For comparison, the non-normal-ordered version of this operator would just be the familiar expression
The reason that we use the normal-ordered charge operator is that the expectation value of this operator is zero in the ground state of the theory with the background field A set to zero. Using the time-reversal operation defined above, it is simple to show that this operator is time-reversal invariant,
which is exactly what we expect for the physical electric charge.
A. Ground state charge and the eta invariant of the spatial Dirac operator
We now calculate the charge of the ground state of the massive Dirac fermion theory in the presence of the background field A. Our discussion is similar to the original derivation in [1] , but adapted to the case of curved space. The key idea of the calculation is to define the regularized charge of the ground state using the Atiyah-Patodi-Singer (APS) eta invariant [19] of the spatial Dirac operator H A,m . Note that in [1] the APS eta invariant was also referred to as the spectral asymmetry, since the the APS eta invariant of a differential operator is a regularized version of the difference between the numbers of positive and negative eigenvalues of that operator. We also note that the calculation of the ground state charge in this subsection is quite general, and would also apply to the massive Dirac fermion on a general D-dimensional space. Thus, although our notation is specialized to the case of D = 2, the final result of Eq. (3.13) is also valid for spatial dimensions D = 2 as well.
The operator H A,m has discrete 5 eigenvalues E n with corresponding eigenfunctions Φ n (x), where n is an index labeling the different eigenfunctions. The differential operator H A,m is self-adjoint with respect to the inner product
and we assume that the eigenfunctions Φ n are orthonormal with respect to this inner product,
Then the fermion operators can be defined by the mode expansionΨ 5) whereb n are fermionic annihilation operators with the standard anticommutation relations {b n ,b † n ′ } = δ nn ′ . Using this mode expansion, we find that the Hamiltonian operator takes the diagonal formĤ
We now define the ground state |0 A,m for this system, corresponding to a Fermi (or Dirac) sea filled up to the energy E = 0. In the case that H A,m has zero modes, we have a choice about whether to keep those states empty or filled when we define the ground state |0 A,m . For mathematical reasons which we discuss below, we choose to leave the zero energy states empty in the state |0 A,m . Note also that once we have computed the regularized charge of the ground state |0 A,m , the charges of all other states will be well-defined and will differ from the charge of |0 A,m by integer amounts. This follows from the fact that we can obtain all of the other states by acting on |0 A,m with theb n andb † n operators, which add or remove charge 1 from the state |0 A,m .
With these considerations in mind, we now define the ground state |0 A,m by the conditionŝ
i.e., |0 A,m has all states with E n < 0 occupied. The charge in the ground state |0 A,m is then given by
whereQ is the normal-ordered charge operator from Eq. (3.1).
If we plug in the mode expansion forΨ(x) into this expression for Q A,m , then after some algebra we find the ill-defined expression
is the number of zero modes of H A,m . As discussed by Paranjape and Semenoff [22] (and then used later by Niemi and Semenoff in [1] ), it is possible to make sense of this expression by defining a regularized version of it using the APS eta invariant of the spatial 6 Dirac operator H A,m . Recall that the eta function η(s) associated with H A,m is [19] η(s) = n;En =0
6 This is not the same as the eta invariant of the spacetime Dirac operator which appears in path integral treatments of the parity anomaly [4, 5, 15, 16] .
which is an analytic function of s ∈ C when the real part of s is sufficiently large. It is a nontrivial fact that η(s) possesses a well-defined analytic continuation to s = 0. This analytic continuation is known as the APS eta invariant and it is denoted by η(0). Following [1, 22] , we can now use η(0) to define the regularized difference of the numbers of positive and negative eigenvalues of H A,m as
Using this regularization scheme, we find that the charge of the ground state |0 A,m is given by
Note that if we had instead decided to define the ground state |0 A,m as having the zero modes all filled, then this would be modified to
14)
The mathematical reason for choosing the ground state |0 A,m to have all zero modes empty is that the combination
is exactly the combination that appears in the APS index theorem (Theorem 3.10 of Ref. 19 ). This means that if if we choose to define |0 A,m in this way, then the APS index theorem can be applied to compute the ground state charge Q A,m in various systems which we might want to study. As we remarked above, once we have computed an appropriate regularized charge for the state |0 A,m , the charges of all other states in the Hilbert space are well-defined and differ from Q A,m by integer amounts.
B. Ground state charge of the 2D Dirac fermion
We now compute η(0) + h for the Dirac fermion in 2D with HamiltonianĤ A,m . This will give us the ground state charge Q A,m within the regularization scheme of [1] . To compute η(0) + h, first note that since { / ∇ A , γ} = 0, we have 15) which means that H A,m has no zero modes, and so h = 0. Next, we consider the calculation of η(0) for H A,m . Let ǫ n and φ n (x) be the eigenvalues and eigenfunctions of the massless spatial Dirac operator i / ∇ A ,
Then for eigenfunctions φ n (x) with non-zero eigenvalue ǫ n , we have 18) we see that for any non-zero ǫ n , the massive Dirac Hamiltonian H A,m has eigenvalues ± ǫ 2 n + m 2 . These cancel each other in the computation of the eta invariant η(0) of H A,m , so this means that only zero modes of i / ∇ A will contribute to η(0). We consider these zero modes next.
As is well known, zero modes of i / ∇ A can be chosen to be eigenvectors of the chirality matrix γ with eigenvalue (chirality) equal to ±1. It is now easy to see that zero modes of i / ∇ A which have chirality ±1 are also eigenfunctions of H A,m with eigenvalue ±m. Let us assume for the moment that m > 0. Then we find that the eta invariant for H A,m reduces in this case to η(0) = (# of positive chirality zero modes of i / ∇ A ) − (# of negative chirality zero modes of i / 20) where F = 1 2 F ij dx i ∧ dx j = dA is the field strength for the spatial gauge field A = A j dx j . It is important to note here that we have assumed that the background field F obeys a Dirac quantization condition, which states that the flux of F through M must be an integer multiple of 2π,
Since the index of i / ∇ A is integer-valued by definition, it is clear that Eq. (3.20) would not make sense without this condition. Mathematically, this condition is equivalent to the statement that A is a connection on a complex line bundle over M, and the integer (2π)
F is the first Chern number of this line bundle (see, for example, Sec. 6 of [24] ).
As a final comment on the Atiyah-Singer index theorem, we note that the sign on the right-hand side of Eq. (3.20) can be seen to be correct by considering a simple example with M = S 2 , the unit two-sphere. In this case we have M dω = 4π by the Gauss-Bonnet theorem (the Euler characteristic of S 2 is 2). If we consider the field configuration A = Using the result from the Atiyah-Singer index theorem (3.20), we find that within this regularization scheme the ground state charge for this system, for m > 0, is
This is in agreement with the result of Niemi and Semenoff who considered the case of flat space [1] . We see that curving the space does not change the result. This is true because the Atiyah-Singer index theorem for the Dirac operator in 2D shows that the index of the operator i / ∇ A does not receive any gravitational contribution (this is not true in higher dimensions). The connection of the expression for Q A,m to the Atiyah-Singer index theorem was pointed out by Jackiw in Ref. 20 .
The above result was derived under the assumption that m > 0. If we instead chose m < 0, then our expression for the ground state charge would change sign because we would instead find that η(0) = −Index[i / ∇ A ]. Therefore, in the general case we find that
An important property of this formula is that when F is an odd multiple of 2π, we find a half-integer charge in the ground state. This can occur, for example, if the Dirac fermion theory is located on the surface of the TI (i.e., M is the surface of the TI) and if there is a magnetic monopole of the background electromagnetic field present in the bulk of the TI. In this case there would be a flux of 2π passing through M, and our result for Q A,m shows that the ground state of the surface theory with the mass term mγ would have a charge of ± 1 2 depending on the sign of m.
C. Discussion on symmetries
We now explain that the regularization scheme of [1] , which we have been studying in this section, violates large U (1) gauge invariance, but is consistent with the time-reversal symmetry of the massless Dirac fermion. The violation of large U (1) gauge invariance is easy to see from the fact that the charge Q A,m from Eq. (3.23) can take on half-integer values. We now explain the sense in which this regularization scheme is consistent with time-reversal symmetry.
Recall that time-reversal acts on the HamiltonianĤ A,m asTĤ A,mT −1 =Ĥ −A,−m , i.e., the effect of time-reversal is to negate A and m. Within the regularization scheme of [1] , which uses the eta invariant of the spatial Dirac operator H A,m to define Q A,m , we find using Eq. IV. REGULARIZATION SCHEME 2
In this section we study the Dirac fermion using our second regularization scheme, which is a lattice regularization scheme for the Dirac fermion on a spatial torus. In this regularization scheme we compute the Hall conductivity σ H,m in the ground state of the Dirac fermion with mass m and in the presence of a background time-independent electric field E. We find that σ H,m is always an integer (in units of e 2 h ), which implies that this regularization scheme preserves the large U (1) gauge invariance of the Dirac fermion (there are no fractionalized quantum numbers found in the Hall response of the system to the background electric field). On the other hand, we show that this regularization scheme explicitly breaks the time-reversal symmetry of the massless Dirac fermion in the continuum. This fact is also reflected in the result of the Hall conductivity calculation, where we find that σ H,m = −σ H,−m .
A. Lattice regularization and Hall conductivity
For the lattice regularization we consider a set of twocomponent fermions on the square lattice and with periodic boundary conditions, and we set the lattice spacing equal to 1. The Fourier transform of the two-component lattice fermion operator will be denoted byΨ(k), with componentsΨ α (k), α = 1, 2. Here k = (k 1 , k 2 ) is a wave vector in the first Brillouin zone of the square lattice,
We take the Hamiltonian for the lattice regularization of the Dirac fermion to bê
where the Bloch Hamiltonian H(k) is given by
Herem is a tunable parameter which, in a certain parameter regime, can be identified with the mass m of the continuum Dirac fermion. This model features two bands, labeled "+" and "−", with energies given by E ± (k) = ±λ(k) with
In what follows we will be interested in the case in which the lower band is completely filled and the upper band is completely empty. Consider the parameter regime |m| ≪ 1. In this regime the upper and lower bands of the model come closest to each other at the origin k = (0, 0) of the Brillouin zone, and the two bands actually touch at k = (0, 0) whenm = 0. If we Taylor expand the Bloch Hamiltonian H(k) near k = (0, 0), then we find that it takes the approximate form
To make contact with our previous discussion of the Dirac operator in the continuum, recall that we worked in a basis in which the gamma matrices γ a , a = 1, 2, were both real, and so the third matrix γ was imaginary. One concrete choice for these matrices is γ 1 = σ x , γ 2 = σ z , which gives γ = σ y . With this choice, we see that the Fourier transform of the massive Dirac operator i / ∇ + mγ on flat space has exactly the form of Eq. (4.4) with m =m .
(4.5)
The discussion in the previous paragraph shows that in the regime |m| ≪ 1, the low energy description of this lattice model consists of a single continuum Dirac fermion with mass m =m and located at the point k = (0, 0) in the Brillouin zone of the square lattice. In addition, the full lattice model does not have any additional phase transitions 7 for anym > 0, while the next transition form < 0 occurs atm = −2. At m = −2 the upper and lower bands touch at the two points k = (π, 0) and k = (0, π). This means that this lattice model is a sensible regularization for a single continuum Dirac fermion as long as we keep the parameterm in a region near m = 0 and far away from the next transition atm = −2.
We now turn to the calculation of the Hall conductivity for the Dirac fermion in this lattice regularization. We first compute the Hall conductivity σ lattice H,m for the lattice model, which is well-defined for any value of the parameterm for which there is a gap between the upper and lower bands of the model. We then identify the Hall conductivity σ H,m of the continuum Dirac fermion with the lattice Hall conductivity σ lattice H,m in the appropriate parameter regime where the lattice model is a sensible regularization of the continuum Dirac fermion. Specifically, we have the following identifications,
The Hall conductivity σ lattice H,m for the lattice model is defined precisely as follows. We first place the system in a static electric field E which points in the x 2 direction, so that E = (0, E 2 ). We then compute the current j 1 which flows in 7 By a phase transition we mean a value of the parameterm at which the upper and lower bands touch.
the
Note that the factor of (2π) −1 here is actually e 2 h in our units where e = = 1.
As discussed above, we consider the case where the lower band is completely filled and the upper band is completely empty, as this filling corresponds to the continuum ground state in which the Dirac sea of negative energy states is completely filled. In this case we can compute σ lattice H,m using various methods including a direct linear response calculation using the Kubo formula [25] , or the semi-classical theory of wave packet dynamics in solids [26] . Both methods lead to the result that
where Ω jℓ − (k) (with j, ℓ = 1, 2) are the components of the Berry curvature of the filled lower band (the "−" band) of the lattice model, and where the integral is taken over the Brillouin zone of the square lattice. The Berry curvatures Ω jℓ ± (k) for the "+" and "−" bands of the model are defined precisely as follows. Let |u k,± be the eigenvector of the Bloch Hamiltonian corresponding to the ± band of the model,
If we define the Berry connection for the ± band as A
, then the Berry curvature for the ± band is given by
A straightforward calculation shows that the Hall conductivity for the lattice model is equal to
Only the first two casesm > 0 and −2 <m < 0 are relevant for our original goal of studying a regularization of the continuum Dirac fermion. Using Eq. (4.6) to compute σ H,m from σ lattice H,m , we find that the result for σ H,m , for either sign of the mass m, can be written in the compact form
B. Discussion on symmetries
We now point out that this lattice regularization preserves the large U (1) gauge invariance of the original massless Dirac fermion, but breaks the time-reversal symmetry. To see that large U (1) gauge invariance is preserved, it is sufficient to note that this regularization yields an integer value for the Hall conductivity σ H,m . In other words, we do not find any fractionalization of quantum numbers associated with the U (1) symmetry of charge conservation. This result makes sense since in this regularization scheme we are dealing with a welldefined lattice model with charge conservation symmetry.
We now show that the lattice regularization that we have been discussing does not possess the time-reversal symmetry of the continuum massless Dirac fermion, even when the mass parameterm in the lattice model is set to zero. To see this, note that for the choice γ 1 = σ x , γ 2 = σ z , and γ = σ y , the time-reversal operator defined in Eq. (2.8) would act on the lattice fermionsΨ(k) aŝ
where we note that k is negated by the time-reversal operation. Then the condition of time-reversal invariance of the Hamiltonian,TĤ latticeT −1 =Ĥ lattice , is equivalent to the matrix equation
However, it is easy to check that this condition is not satisfied by H(k), even whenm = 0. It follows that this lattice regularization explicitly breaks the time-reversal symmetry of the continuum massless Dirac fermion. Finally, we note that the breaking of time-reversal symmetry in this regularization scheme can also be seen from the fact that 15) i.e., time-reversed theories do not have opposite values of the Hall conductivity within this regularization scheme. 8 
V. EFFECTIVE ACTIONS FOR THE TWO REGULARIZATIONS
In this final section we compute, for each regularization scheme, the effective action S eff [A] which encodes the response of the system to the background electromagnetic field A = A µ dx µ . On curved space the physical three-current j µ (x) which arises as a response to the background field A is obtained from S eff [A] by functional differentiation as
where we remind the reader that x = (x 0 , x 1 , x 2 ) is the spacetime coordinate and x = (x 1 , x 2 ) is the spatial coordinate. The overall minus sign appearing here is a matter of convention. We chose it because with this sign the j 0 (x) term in the effective action has the form
which has the correct sign for the action arising from the potential energy of the charge density j 0 in the presence of the scalar electromagnetic potential A 0 .
For both regularizations considered in this note, we find that the effective action which encodes the response has the ChernSimons form
for an appropriate choice of the level k. To find the correct value of k in each case, we compute the response which follows from S CS [A] in the two situations considered in this note.
We start by computing the charge which follows from S CS [A] for a system on a closed spatial manifold M and in the presence of a time-independent spatial gauge field. This is exactly the physical quantity that we computed using the regularization scheme of Niemi and Semenoff in Sec. III. This charge is given by
where in the second line we plugged in the result for j 0 (x) which follows from functional differentiation of S CS [A] . To match with our answer for Q A,m from Eq. (3.23), we find that we must choose the level k to be
Then for the regularization scheme of Niemi and Semenoff we find the effective action
Next, we compute the Hall conductivity for the case where space is a flat torus, which is exactly the physical quantity that we computed using the lattice regularization scheme in Sec. IV. For this calculation we study the current which flows in the x 1 direction in response to a static electric field E = (0, E 2 ) pointing in the x 2 direction. For the effective action of the Chern-Simons form we find that
where we needed to use the equation
, which relates the physical electric field to the components of A (see the end of Appendix A for a review of this relation). This equation implies a Hall conductivity of σ H = k.
In this case, to match our answer for σ H,m from Eq. (4.12), we must choose the level k as
Then for the lattice regularization scheme on a spatial torus we find the effective action
It is now clear that the effective actions computed using the two different regularization schemes differ by a Chern-Simons counterterm as
where we see that the Chern-Simons counterterm has a fractionally-quantized level equal to − 1 2 . This difference between the effective actions for these two regularization schemes exactly matches the expectation from the original path integral treatment of the parity anomaly [2, 3] .
VI. CONCLUSION
In this note we reviewed the parity anomaly of the massless Dirac fermion in 2 + 1 dimensions in the context of the Hamiltonian formalism, as opposed to the more conventional discussion within the path integral formalism. Our first goal with this presentation was to explain the parity anomaly in a way which would be more approachable for condensed matter physicists. To this end, we have tried to show how the anomaly is manifested in the calculation of concrete physical quantities such as the charge of the ground state in a background spatial gauge field A (Sec. III) and the Hall conductivity of the ground state in a background electric field E (Sec. IV).
Our second goal was to understand the precise relation between time-reversal symmetry and the charge of ± 1 2 which appears on the surface of the TI (whose surface theory is the massless Dirac fermion) when a magnetic monopole is present in the bulk of the TI. The regularization scheme which leads to this half-quantized charge is known and was originally considered by Niemi and Semenoff in Ref. 1 . In this note we explained that this regularization scheme is consistent with the time-reversal symmetry of the massless Dirac fermion, in the precise sense of Eq. (1.1). To the best of our knowledge, the consistency of the regularization scheme of [1] with timereversal symmetry has not been discussed in detail in the existing literature (see, however, the comparison with a paritypreserving point-splitting regularization scheme in Ref. 21 ). This observation is important because it fits in with the general picture of the parity anomaly, which states that a given regularization scheme can preserve either the time-reversal symmetry, or the large U (1) gauge invariance of the massless Dirac fermion, but not both.
An interesting direction for future work on this topic would be to investigate a bosonic analogue of the parity anomaly in quantum field theories with U (1) and time-reversal symmetry which can appear on the surface of the bosonic topological insulator [27, 28] . The bosonic topological insulator is the closest analogue, in a bosonic system with U (1) and time-reversal symmetry, of the more familiar fermion TI state. Some ideas about the form of this bosonic anomaly have already been presented in Ref. 29 . The key physical property of the anomaly which was discussed there was the fact that a bosonic theory possessing this anomaly can be driven into a time-reversal breaking state with a Hall conductivity of 1 (in units of e 2 h ), which is exactly half of the allowed Hall conductivity that can be achieved in a (non-fractionalized) phase of bosons which can exist intrinsically in 2 + 1 dimensions [30, 31] .
An additional reason to look for such an anomaly in 2 + 1 dimensions is the demonstration in Ref. 32 that in 0+1 dimensions there is a bosonic anomaly which is an exact analogue of a well-known fermionic anomaly in the same dimension [33] . The action for a massless Dirac fermion in 0 + 1 dimensions coupled to a background gauge field A = A 0 dx 0 has both large U (1) gauge invariance and a unitary charge conjugation (or particle-hole) symmetry. However, it was shown in Ref. 33 that it is impossible to regularize this theory in a way which preserves both of these symmetries. This anomaly is clearly analogous to the parity anomaly of the massless Dirac fermion in 2 + 1 dimensions, but with charge conjugation instead of time-reversal as the relevant discrete symmetry. It was recently shown in Ref. 32 that an exact analogue of this anomaly exists in a bosonic theory in 0 + 1 dimensions with the same symmetries. In addition, the calculation of the bosonic anomaly in Ref. 32 employed the equivariant localization technique, which revealed that the bosonic and fermionic anomalies in 0 + 1 dimensions have the same mathematical origin. Indeed, the derivation showed that both anomalies follow from the form of the APS eta invariant for the Dirac operator in 0 + 1 dimensions. Based on this simple example, we expect that it would be interesting to search for a bosonic analogue of the parity anomaly in 2 + 1 dimensions.
In this appendix we review our conventions and notation for the Dirac operator on curved space and our conventions for the electromagnetic field. The information contained in this appendix is used in Sec. II of the main text of this note, where we review the Hamiltonian for the Dirac fermion on flat and curved space.
We consider a Dirac fermion on a spacetime of the form M×R, where M represents D-dimensional space and R represents time. We assume that M is an orientable Riemannian manifold. We also need to assume that M is a spin manifold so that we can consistently place fermions on M×R. We also assume that M is closed (i.e., compact and without boundary) and connected. Coordinates on the full spacetime will be denoted by x µ where the (Greek) spacetime indices µ, ν, . . . take the values {0, 1, . . . , D}. The spatial coordinates on M are x j where the (Latin) spatial indices j, k, . . . take the values {1, 2, . . . , D}. We denote by x = (x 0 , . . . , x D ) the full vector of spacetime coordinates and by x = (x 1 , . . . , x D ) the vector of spatial coordinates. We also use the standard summation convention in which we sum over any index (Latin or Greek) which is repeated once as a subscript and once as a superscript in any expression.
We denote by G µν the components of the spacetime metric G, which we choose to have signature (1, −1, . . . , −1) (i.e., a "mostly minus" signature). Since our spacetime is a product of a curved space M and flat time direction R, the spacetime metric G has the form
where g jk (x) are the components of an ordinary Riemannian metric g on M.
Note that with this definition we have det[g(x)] > 0 for all x ∈ M, where det[g(x)] is the determinant of g jk (x).
We now discuss the construction of the spatial Dirac operator on M. The first step is to define the the coframe one-forms e a = e a j dx j and frame vector fields e a = e 
The frame and coframe components are inverses of each other when considered as matrices, e To construct a Dirac operator on M we also need a set of gamma matrices γ a with frame indices a ∈ {1, . . . , D}. These satisfy the Clifford algebra {γ a , γ b } = 2δ ab , and in terms of them we define the rotation generators γ ab := 1 2 [γ a , γ b ] (these are generators of the group Spin(D)). Note that these gamma matrices all square to the identity and so we can choose them to be Hermitian.
The next ingredient we need is the spin connection on M. The spin connection one-form ω 
where ∇ j ≡ ∇ ∂j denotes the connection on the tangent bundle of M. Under a local rotation of the coframes e a → Λ 
If we assume metric compatibility of the spin connection, then we have ω ab = −ω ba , i.e., ω ab is a one-form which takes values in the Lie algebra of the group SO(D).
The curvature and torsion two-forms on M are 
where Γ ℓ jk is the Levi-Civita connection,
With all of these conventions in place, we can now construct the Dirac operator on the D-dimensional space M. The Dirac operator D is given by
One can check that D is Hermitian with respect to the inner
which is the appropriate inner product for spinors φ and ψ on the Riemannian manifold M. To verify that D is Hermitian one needs to use the fact that the torsion two-form vanishes, T a jk = 0 for all a, j, k, as well as the fact that M is closed (no boundary terms arise in integration by parts because M does not have a boundary).
To close this appendix we also discuss our conventions for the electromagnetic field. We specialize the discussion to the case of D = 2, which is the case that we consider in the main text of this note. Let A = A µ dx µ be the one-form for a configuration of a background electromagnetic field. Since we assume a spacetime metric with signature (1, −1, −1), when the space M is flat (i.e., M = R 2 ) the components F µν of the field strength two-form F = dA = 1 2 F µν dx µ ∧ dx ν are related to the usual electric and magnetic fields as
where B is the magnetic field perpendicular to the plane and E = (E 1 , E 2 ) is the usual electric field in the plane. These formulas follow from the fact that when M = R 2 we can identify A 0 with the usual scalar potential in electromagnetism, while we have A j = −A j , where A j are the components of the usual vector potential A = (A 1 , A 2 ). The usual electric and magnetic fields on flat space are then defined in terms of these by the usual formulas
where ∇ = (∂ 1 , ∂ 2 ) is the ordinary gradient operator on flat space.
